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Abstract
We revisit the problem of the rotating generalization of the Fisher-Janis-Newman-Winicour so-
lution of the minimal Einstein-scalar theory proving that the two previously proposed solutions do
not satisfy the equations of motion. We also derive several new spinning solutions with the scalar
charge, which are endowed with oblate deformation.
PACS numbers: 04.20.Jb, 04.50.+h, 04.65.+e
∗Electronic address: igbogush@gmail.com
†Electronic address: galtsov@phys.msu.ru
1
I. INTRODUCTION
Einstein’s general theory of relativity with a minimally coupled massless scalar field (MES)
has recently attracted new interest in view of the various dualities that connect this theory
with non-minimal scalar-tensor theories such as Horndeski and DHOST. [1, 2]. This interest
gives new life to Fisher’s famous solution of MES [3], repeatedly rediscovered in the past by
many authors [4–11] in particular, Janis, Newman and Winicour [6] and often abbreviated
as FJNW now. For a more recent discussion of the Fisher solution, see [12]. This solution
is singular on the potential horizon, but it may be non-singular in the dual frame of some
non-minimal theory [1, 13, 14]. The frame transformation can be considered as a generation
method for finding exact solutions of various non-minimal theories, that probe their physical
properties. Therefore, it is interesting to find new physically interesting solutions of the
minimal Einstein-scalar theory and, above all, the Fisher spinning solution. This turned out
to be a non-trivial task.
An earlier attempt to introduce the angular momentum into FJNW was made in [15]
using the Janis-Newman (JN) algorithm [16] (for a detailed discussion of this method, see
[17]). Due to the simplicity of the [15] solution obtained, it was repeatedly applied in the
astrophysical context, see, e.g. [18–21]. It is worth noting that the JN method was originally
proposed simply as a formal trick leading to Kerr’s solution. Although JN was later tested
in various other theories [17], no rigorous mathematical proof was given in the general case,
especially in scalar-tensor theories. Explicit checking [22] of fulfillment of a part of Einstein’s
equations for the solution [15] led to the negative result (see also [23]). However, since this
solution is still used in applications [20, 21], we revise the problem of its validity here,
confirming the result of [22]. Other spinning solutions of the minimal Einstein-scalar theory
were found recently [24], one of which is asymptotically flat. It has a Kerr-like metric,
and tends toward the non-spherical Penney solution in the static limit [5], so it cannot be
considered as a rotating FJNW solution.
Similarly, in the framework of the Brans-Dicke theory (BD), one can construct a rotating
charged solution (and more general with the Newman-Unti-Tamburino (NUT) parameter)
[25–27] using the Kinnersley form of BD field equations. This solution does not reproduce
the FJNW solution in the Einstein frame. A rotating version of the BD analogue of the
FJNW solution was built in [28] again using the JN trick. We test this solution here.
Hidden symmetries of the static MES equation were observed long ago [12, 29, 30], here we
give them the modern sigma-model interpretation along the lines of a more general σ-model
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construction for the Einstein-Maxwell-dilaton model (EMD) [31]. Various mathematically
correct generation methods for the minimal Einstein-scalar and the Einstein-Maxwell-scalar
system have been proposed in the past based on the dimensional reduction to three and two
dimensions. We will briefly review them here and expand to include the Cle´ment transform
[32] (CT), which generates the Kerr solution from Schwarzschild using the Maxwell field
at the intermediate stage of derivation. Generalizing this to include a minimal scalar field,
we get some new rotating generalizations of FJNW. It turned out that for the successful
application of CT to generate rotation in the presence of a scalar field, it is necessary to
combine FJNW with the Zipoy-Voorhees (ZV) [33, 34] solution, which is similar to FJNW
in a spheroidal coordinate system.
FJNW solution is the starting point for other generalizations: for arbitrary dimensions
[35], the Einstein-Maxwell theory [7], the EMD theory [36]. FJNW solution has a singular
horizon, which only becomes regular in the Schwarzschild limit for a zero scalar charge. It
was shown that such objects with singular horizons cannot appear in vacuum [37], therefore
singular horizons are a feature of theories with scalar field.
Another method for finding a rotating solution with a nontrivial scalar field we use here
was proposed by Eris¸ and Gu¨rses [38] (EG-transformation). According to them, stationary
axisymmetric EMS solutions obey the equations of motion, which can be divided into purely
electrovacuum part and additional terms in metric functions. These terms appear due to the
presence of a scalar field that satisfies its equation of motion. Applying this technique to a
rotating axisymmetric vacuum solution, we can obtain its generalization with a non-trivial
scalar field.
In this paper we define the MES action as
S =
∫
d4x
√−g (R− 2(∂µφ)(∂µφ)) , (1.1)
which corresponds to the equations of motion
Rµν = 2(∂µφ)(∂νφ), (1.2a)
∇µ∇µφ = 0. (1.2b)
In the Section II we combine the ZV and FJNW solutions using the σ-model technique. In
section III Cle´ment’s transformations will be applied to the solution obtained in the Section
II. As a result, we will get the rotating generalization of the ZV-FJNW solution with the
oblateness parameter as a function of mass and scalar charge. In Section IV we will discuss
the relation between the FJNW rotating solution and Tomimatsu-Sato (TS) [39] and give
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an example of a rotating FJNW with a phantom scalar field without oblateness. We will
also show that such solutions allow for complex coordinate transformations leading to real
scalar field with a different physical meaning.
II. STATIC REINCARNATIONS
Stationary sector of the model (1.1) admits a three-dimensional σ-model representation,
assuming an ansatz for stationary metrics
ds2 = −f(dt− ωidxi)2 + f−1hijdxidxj, (2.1)
where the function f , the one-form ωi and the 3-metric hij are functions of space coordinates
xi, i = 1, 2, 3. Indices of 3-metric are supposed to be lowered and raised with 3-metric hij
and 3-inverse metric hij . The 1-form ωidx
i can be expressed in terms of twist potential χ
∂iχ = − f
2
√
h
hijǫ
jkl∂kωl, (2.2)
where ǫjkl = ±1, entering then in a set of three-dimensional scalar potentials ΦA = {ψ, χ, φ}
with ψ = 1
2
ln f in the action
S =
∫
d3x
√
hhij
(
R
(3)
ij − GAB∂iΦA∂jΦB
)
, (2.3)
and the target space metric GAB given by
GABdΦAdΦB = 2(dφ2 + dψ2) + 1
2
e−4ψdχ2, (2.4)
where R
(3)
ij is the Ricci tensor constructed with the metric hij . Note that MES theory can
be considered as a truncation of EMD with trivial electromagnetic field [31].
The target-space metric GAB admits three gauge isometries
I : φ→ φ+ λφ (2.5a)
II : χ→ χ + λχ (2.5b)
III : ψ → ψ + λψ, χ→ e2λψχ (2.5c)
with constant λφ, λχ, λψ, and a non-trivial Ehlers transformation [40]
1
z
→ 1
z′
=
1
z
+ iλE, z = f + iχ (2.6)
with parameter λE .
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In the static truncation χ = 0 one also has the SO(2)-rotational symmetry in the plane
(ψ, φ): 
ψ
φ

→

ψ′
φ′

 =

 cos β − sin β
sin β cos β



ψ
φ

 (2.7)
parametrized by the angle β. Transformation (2.7) is the σ-model equivalent of the trans-
formation found by Buchdahl [30], which were also rediscovered in [12].
a. Generation of FJNW
Any vacuum solution of general relativity satisfies equations of motion of MES (1.2) with
constant scalar field. Considering the Schwarzschild solution as a seed and applying the
transformation (2.7) with cos β = S, one can recover the FJNW solution in the form (2.1)
with
hijdx
idxj = dr2 + r2F
(
dθ2 + sin2 θdϕ2
)
, (2.8a)
ψ =
S
2
lnF, φ = φ∞ − ΣS
2M
lnF, ωi = 0, S =
M√
M2 + Σ2
, (2.8b)
where M , Σ are ADM mass and scalar charge, the function F is
F (r) = 1− 2M
rS
. (2.9)
Setting Σ→ 0 brings us back to the Schwarzschild solution.
For further purposes of this paper, it is convenient to use the prolate spheroidal coordi-
nates x and y defined as
x =
r
k
− k˜, y = cos θ, (2.10)
where k and k˜ are constants, chosen so that gϕϕ = k
2(x2 − 1)(1− y2). The function F and
the 3-metric of the solution (2.8) in prolate spheroidal coordinates with k = M/S, k˜ = 1
read
hijdx
idxj = k2
(
dx2 +
x2 − 1
1− y2 dy
2 + (x2 − 1)(1− y2)dϕ2
)
, (2.11)
F (x) =
x− 1
x+ 1
. (2.12)
This definition of F will be used in further calculations.
b. Generation of ZV with scalar charge
ZV solution in the form (2.1) reads
ψ =
δ
2
lnF, φ = 0, ωi = 0, (2.13a)
hijdx
idxj = k2
(
HZV (x, y)
(
dx2 +
x2 − 1
1− y2 dy
2
)
+ (x2 − 1)(1− y2)dϕ2
)
, (2.13b)
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HZV (x, y) =
(
x2 − 1
x2 − y2
)δ2−1
, (2.13c)
where k = M/δ. One can present the gravitational potential ψ of FJNW solution (2.11) in
the same form as ZV (2.13a) up to an interchange of constants S and δ. This suggests that
FJNW and ZV can be naturally combined using the transformations (2.7). Applying the
SO(2)-transformation to the solution (2.13a) leads to the ZV metric with a scalar charge
which we will denote FZV. It has the potentials
ψ =
Sδ
2
lnF, (2.14a)
φ = φ∞ − ΣSδ
2M
lnF, (2.14b)
the same 3-metric (2.13b), and the constant k = M/Sδ, giving the ADM mass M . The only
difference between ZV and FZV solutions is the replacement of the parameters δ → Sδ in
the gravitational potential ψ and the constant k. This modification of the solution will have
use for angular momentum generation in the following section.
c. Generation of NUT
For completeness, we add the NUT parameter to the solution (2.14). To do that, we
sequentially apply the Ehlers transformation (2.6) and the gauge transformation (2.5c) to
ensure gtt → −1 for r →∞:
ψ =
1
2
ln
(1 + λ2)F Sδ
1 + λ2F 2Sδ
, (2.15a)
ωidx
i = 2Nydϕ, (2.15b)
φ = φ∞ − Σ
2k
lnF, (2.15c)
where λ is the parameter of the Ehlers transformation (2.6). The 3-metric of the solution
with the NUT-parameter has the form (2.13b). The ADM mass M , the scalar charge Σ and
the NUT parameter N are
M = kSδ
λ2 − 1
λ2 + 1
, Σ2 = k2δ2(1− S2), N = 2δkλS
λ2 + 1
, (2.16)
which can be resolved in the following form
k =
(λ2 + 1)
2
M2 − (λ2 − 1)2Σ2
δ (λ2 − 1)
√
(λ2 − 1)2Σ2 + (λ2 + 1)2M2
, S =
(λ2 + 1)M√
(λ2 − 1)2Σ2 + (λ2 + 1)2M2
.
(2.17)
The solution (2.15) with Σ = 0 represents the vacuum ZV solution with NUT parameter,
which was given in [41]. For δ = 1 we obtain the FJNW solution with NUT found in [42].
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d. Singularities
The solution (2.15) is the most general of all obtained before. The scalar curvature R of
this solution can be found from the equation of motion (1.2a) as simple as
R = 2gxx(∂xφ)
2 =
2Σ2
k4
(1 + λ2)
1 + λ2F 2Sδ
(x− 1)Sδ−1−δ2 (x+ 1)−Sδ−1−δ2 (x2 − y2)δ2−1 . (2.18)
One can see that the parameter λ does not influence the divergence which depends on S
and δ in the exponent of (x − 1) and (x2 − y2). For y 6= ±1 the metric is singular for
Sδ − 1 − δ2 < 0. For S2 < 1 this condition is always satisfied. For y = ±1 the condition is
Sδ < 2. If Sδ ≥ 2 the “horizon” is not singular.
e. Chazy-Curzon limit
ZV solution admits the limit δ → ∞ resulting in the Chazy-Curzon solution [43, 44].
Solutions (2.14) and (2.15) have the same limiting form. The 3-metric, the scalar field and
the function F Sδ will be
hijdx
idxj = exp
{
−M
2 sin2 θ
S2r2
}(
dr2 + r2dθ2
)
+ r2 sin2 θdϕ2, (2.19)
F Sδ → e−2M/r, φ→ φ∞ + Σ/r. (2.20)
III. CLE´MENT TRANSFORMATION
To generate a rotating solution, here we will apply Cle´ment’s generating technique de-
signed for the Einstein-Maxwell theory [32]. Since the Maxwell field plays an important role
in the procedure, we have to extend the model to
S = 1
16π
∫
d4x
√−g [R− 2(∂φ)2 + F 2] , (3.1)
where F = dA is the electromagnetic 2-form. It was shown in [32] that application of CT to
the ZV solution with some oblateness parameter δ does not lead at the end to any vacuum
metric. Still one can hope to be able to do this applying CT to the combined FZV metric
with the constant δ → Sδ. We expect to get rotating generalization of FZV metric imposing
the constraint Sδ = 1.
First, we generalize the sigma-model to include the Maxwell field introducing the electric
and magnetic potentials v, u via
Fi0 =
1√
2
∂iv, F
ij =
f√
2h
ǫijk∂ku. (3.2)
Other components of electromagnetic tensor in terms of (3.2) read
F i0 = F ijωj − hijFj0, Fij = f−2hikhjlF kl + F0iωj − F0jωi, (3.3)
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where hij is a 3-inverse metric tensor of hij . We also modify the equations for the twist
potential χ as
∂iχ = −f 2h−1/2hijǫjkl∂kωl + u∂iv − v∂iu, (3.4)
This representation in terms of scalar potentials f, χ, u, v, φ was derived for EMD in [31],
generalizing the result of [45]. In our case we have to put α = 0 obtaining:
dl2EMS =
1
2f 2
(
df 2 + (dχ+ vdu− udv)2)− 1
f
(
du2 + dv2
)
+ 2dφ2. (3.5)
Here the scalar field is decoupled from other potentials, therefore all symmetries of the
Einstein-Maxwell model are preserved. Following [32] we pass to the complex Ernst (E , ψ)
and Kinnersley (U, V,W ) potentials
E = f + iχ− ψ¯ψ = U −W
U +W
, ψ =
v + iu√
2
=
V
U +W
, (3.6)
with one of the Kinnersley potentials being redundant. The target space of the σ-model (3.5)
possesses the SU(2, 1) isometry group, which acts as on the complex vector space (U, V,W )
leaving the norm UU + V V −WW invariant. For reader’s convenience, we briefly recall the
CT transformation, which is a triple R = Π−1RΠ with the target space discrete map
Π : U ↔ V, (3.7)
followed by the coordinate transformation
R : ϕ→ ϕ+ Ωt (3.8)
and another target space map. Both the target-space and the coordinate transformations
do not change the scalar field φ which depends on r or x only.
Starting with the static vacuum seed solution E1 ∈ R, ψ1 = 0 we can take
V1 = 0, U1 = −1 − E1, W1 = −1 + E1, (3.9)
where indices number the steps of the procedure. After the first Π-transformation U ↔ V ,
the Ernst potentials become
E2 = −1, ψ2 = 1 + E1
1− E1 (3.10)
and the new functions f, χ, u, v read from (3.6) as
f2 =
4E1
(E1 − 1)2 , χ2 = 0, ω2 = 0, v2 =
√
2
1 + E1
1− E1 , u2 = 0. (3.11)
8
The corresponding spacetime is not asymptotically flat. Next, perform the global coordinate
transformation (3.8) to a uniformly rotating frame ϕ = ϕ˜ + Ωt. Acting with (3.8) on the
metric in the Weyl-Papapetrou parametrization
ds2 = −f(dt− ωdϕ)2 − f−1 (γmndxmdxn + ρ2dϕ2) (3.12)
one obtains
f ′ = f [1− 2Ωω + Ω2(ω2 − f−2ρ2)], ω′ = ω − Ω(ω
2 − f−2ρ2)
1− 2Ωω + Ω2(ω2 − f−2ρ2) ,
γ′mn =
f ′
f
γmn, ρ
′ = ρ,
∂mv
′ = (1− Ωω)∂mv − Ωf−1ρ∂˜mu, ∂mu′ = (1− Ωω)∂mu+ Ωf−1ρ∂˜mv,
where ∂˜m = γ
−1/2γmnǫ
np∂p. Applying these transformations to (3.11), the transformed
functions are simplified to
f3 = f2(1− w2), ω3 = Ω
−1w2
1− w2 , γ3mn = (1− w
2)γ2mn, ρ3 = ρ2,
v3 = v2, ∂mu3 = w∂˜mv2, w = Ωρ/f2.
The Ernst potentials are then rescaled by a constant E → p2E , ψ → pψ, which corresponds
to the solution invariance with respect to the following transformations: t→ pt, f → p−2f ,
ω → pω, hij → p−2hij , u → p−1u, v → p−1v. The need for this transformation will be
revealed further. Applying all the above transformations to the solution (2.14) and putting
E1 = fSδ0 , one obtains
E3 =p2
[
−1− (kyΩSδ)2 − k
2Ω2 (x2 − 1) (1− y2) (fSδ0 − 1)2
4fSδ0
+ 2ikyΩ
(
Sδ
fSδ0 + 1
fSδ0 − 1
+ x
)]
,
ψ3 =p
(
1 + fSδ0
1− fSδ0
+ ikySδΩ
)
.
The last transformation Π−1 leads to the final solution with the Ernst potentials E4, ψ4
in the form
E4 = 2ψ3 + E3 − 1
2ψ3 − E3 + 1 , ψ4 =
1 + E3
2ψ3 − E3 + 1 .
To get the final solution with zero electromagnetic field, it is necessary to find such param-
eters, that set ψ4 equal to zero, which can be achieved with E3 = −1. It is possible only for
Sδ = 1 and p = (1 + k2Ω2)
−1/2
, bringing us to the final expression for the Ernst potentials
E4 = px+ iqy − 1
px+ iqy + 1
, ψ4 = 0, (3.13)
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where q = kΩp is a constant (p2+q2 = 1). Using the transformation from prolate to spherical
coordinates in the form x→ rp/k − k˜ and y → cos θ with the redefined constants
k˜ = M/
√
M2 − a2, Ω = aM/(M2 − a2)3/2, k = (M2 − a2)/M
and properly rescaling the scalar charge Σ, the solution will have the Kerr-like form
f(r, θ) =
∆− a2 sin2 θ
r2 + a2 cos2 θ
, ω(r, θ) = − 2aMr sin
2 θ
∆− a2 sin2 θ , (3.14)
hijdx
idxj = H(r, θ)
(
dr2 +∆dθ2
)
+∆sin2 θdϕ2,
∆(r) = (r −M)2 − b2
with the following scalar field φ and the function H :
φ(r) = φ∞ +
Σ
2b
log
r −M + b
r −M − b, H(r, θ) =
∆− a2 sin2 θ
∆
(
1 +
b2
∆
sin2 θ
)−Σ2/b2
, (3.15)
where b =
√
M2 − a2. Naturally, for Σ = 0 the solution coincides with Kerr solution without
scalar field. One can also guess the generalization with the NUT parameter by taking Kerr-
NUT solution and putting φ and H from (3.14), (3.15) with constant b =
√
M2 +N2 − a2.
Further in this section we will consider the solution without the NUT charge.
The Ricci scalar following from the equations of motion (1.2a) reads
R = 2(∂rφ)
2grr =
2Σ2
∆(r2 + a2 cos2 θ)
(
1 +
b2
∆
sin2 θ
)Σ2/b2
. (3.16)
The curvature scalar R diverges on the “horizon” ∆ = 0, b2 > 0. The solution also possesses
ring singularities at the equatorial plane: r = 0 inherited from the Kerr solution; and r = M
for b2 < 0.
Recently some new rotating solutions were given by Chauvineau [24]. One of them is
asymptotically flat, generalizing Penney’s solution [5]. It also has the form (3.14) up to the
following redefinition of the scalar field φ and the function H :
φN =
Λ√
∆+ (M2 − a2) cos2 θ , (3.17a)
HN =
∆− a2 sin2 θ
∆
exp
{
− Λ
2∆sin2 θ
(∆ + (M2 − a2) cos2 θ)2
}
, (3.17b)
where ∆ = r2−2Mr+a2 is the same as for (3.14), the subscript N stands for “Newtonian”,
following [24], but we redefined the original definition of constant Λ which was Λ
√
M2 − a2
in [24]. The scalar curvature for this solution diverges on the equator of the “horizon”.
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Passing to an “extremal” limit of solution (3.14) M2 − a2 → 0, in which the function H
and the scalar field are non-trivial:
H =
∆− a2 sin2 θ
∆
exp
{
−Σ
2 sin2 θ
∆
}
, (3.18a)
φ = φ∞ +
Σ√
∆
, (3.18b)
we observe that our solution and that of (3.17) coincide.
IV. ERIS-GURSES TRANSFORMATION
Further simplification of equations of motion can be achieved with the Weyl-Papapetrou
ansatz, assuming the axial symmetry:
ds2 = − exp (2ψ)(dt− ωdϕ)2 + exp (−2ψ) [exp (2γ)(dρ2 + dz2) + ρ2dϕ2] , (4.1)
where ψ, ω and γ are functions of coordinates ρ = k
√
(x2 − 1)(1− y2) and z = kxy. The
equations of motion read
∆ψ = −1
2
e4ψρ−2(∇ω)2, (4.2a)
∇ (e4ψρ−2∇ω) = 0, (4.2b)
γ,ρ = ρ
(
ψ2,ρ − ψ2,z + φ2,ρ − φ2,z −
1
4
e4ψρ−2
(
ω2,ρ − ω2,z
))
, (4.2c)
γ,z = 2ρ
(
ψ,ρψ,z + φ,ρφ,z − 1
4
e4ψρ−2 (ω,ρω,z)
)
, (4.2d)
∆φ = 0, (4.2e)
where the vector operators act the same way as in the flat space cylindrical coordinates
(ρ, z, ϕ). Eris and Gurses [38] suggested to split the equations into the vacuum and scalar
parts. To do that, we have to present the function γ as a sum of two terms γ = γψ + γφ.
Then one can formulate the following theorem. If the functions ψ, ω and γ = γψ fulfil
vacuum equations, then the functions ψ, ω and γ = γψ + γφ satisfy the equations (4.2) if
the scalar field fulfils the equation (4.2e) and
γφ,ρ = ρ
(
φ2,ρ − φ2,z
)
, γφ,z = 2ρφ,ρφ,z. (4.3)
The integrability condition of (4.3) is given by (4.2e).
This theorem allows to generate a solution with non-trivial scalar field from a vacuum
solution. We will abbreviate this as EG-transformation. The EG duality can be applied also
in the inverse direction to get rid of the scalar field. For the static case, the composition of the
11
SO(2)-transformation (2.7) and the EG-transformations applied to the vacuum solution give
another vacuum solution with an appropriate choice of the transformation parameters. Then
such transformation is the so-called Zipoy-Voorhees transformation ψ → sψ, γψ → s2γψ.
Moreover, the equation of motion of the scalar field does not contain explicitly the coor-
dinate z:
∂ρρ∂ρφ + ρ∂
2
zφ = 0. (4.4)
So, if φ0 is a solution, then φn = ∂
n
z φ is a solution too. Regarding to the problem of Kerr-like
solutions with scalar fields, such transformations was considered in [24].
For example, the scalar field (3.15) in the Weyl coordinates has a complicated form
φ(r) = φ∞ +
Σ
2b
log
z + sign(z) Φ(ρ, z)
z − sign(z) Φ(ρ, z) , (4.5a)
Φ(ρ, z) =
1√
2
√
b2 + ρ2 + z2 −
√
2ρ2 (b2 + z2) + (b2 − z2)2 + ρ4. (4.5b)
Acting with ∂z = r,z∂r + θ,z∂θ on (4.5a) and using the coordinate transformations ρ =√
∆sin θ, z = (r −M) cos θ, after lengthy calculations one can obtain
φ(1) =
Λ(1) cos θ
∆+ b2 sin2 θ
, (4.6a)
γφ(1) =
−Λ2(1)
8b4
(
∆+ b2 sin2 θ
)2
[
∆2 + 2b2∆sin2 θ − b4 sin4 θ + 4b
4 sin2(2θ)(r −M)2∆(
∆+ b2 sin2 θ
)2
]
, (4.6b)
where Λ(1) is a constant. The asymptotic behaviour of the scalar field φ ≈ Λ(1) cos θ/r2
suggests that the solution describes the rotating source with a scalar dipole moment.
Applying the EG-duality to the Kerr metric gives the solutions (3.14), (3.17) or (4.6) if
we choose φ in the form (3.15), (3.17a) or (4.6a) correspondingly. Scalar field satisfies the
Laplace equation, thus we can represent the solution in terms of the rod structure. The rod
structure of rotating generalization of FJNW solution is not clear for the moment. Note that
we are not restricted to use φ depending on the coordinate r only, but this case seems to be
the most relevant.
As the result of the SO(2)-symmetry (2.7), in the static case ω = 0, the equations of
motion for γψ and ψ have the form (4.3), (4.4) similar to γφ and φ:
γψ,ρ = ρ
(
ψ2,ρ − ψ2,z
)
, γψ,z = 2ρψ,ρψ,z, (4.7a)
∂ρρ∂ρψ + ρ∂
2
zψ = 0. (4.7b)
Let us consider a stationary generalization of ZV solution with an arbitrary δ, an angular
momentum J and some potentials ψ, γψ, ω. We will split γψ and ψ into two parts: the
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static limit γs, ψs and the rotational part γω, ψω
γs = lim
J→0
γψ = δ2γSch, ψ
s = lim
J→0
ψ = δψSch, γ
ω = γψ − γs, ψω = ψ − ψs,
where γSch =
1
2
ln L
2−k2
l+l−
, ψSch =
1
2
ln L−k
L+k
are the potentials of the Schwarzschild solution (note
that γSch corresponds to FJNW solution as well), L =
1
2
(l++ l−), l± =
√
ρ2 + (z ± k)2, with
k being a constant entering the spheroidal coordinates. Since ψs, γs and φ, γφ satisfy the
same equations, we can introduce a scalar field into our solution in the form
γφ = c2γSch, φ = cψSch.
The final metric is described by functions ψ = δψSch+ψ
ω, φ = cψSch, ω, γ = (δ
2+c2)ψSch+γ
ω.
Setting δ2 + c2 = 1, we get rid of the 3-metric deformation of ZV kind. On one hand, in the
static limit ω, ψω, γω → 0 such a solution exactly corresponds to FJNW (this was noticed by
Eris and Gurses [38]). For zero scalar case c = 0, the constraint gives δ = 1 and the solution
represent the rotating Schwarzschild solution, i.e. the Kerr metric. Thus, such a solution
can be considered as a full-fledged rotating generalization of FJNW. On the other hand, one
can take the scalar field in the form φ = cψSch+Q(J)φ˜, where Q(0) = 0 is some function of
the angular momentum J , and φ˜ is an arbitrary solution of (4.4). Such a solution will have
the same properties for static and scalarless limits. Here we will not consider this case.
Rotating ZV solutions were reported also by Hori in [46] without any evidence of their
correctness. Eris and Gurses mentioned without details the possibility to apply their trans-
formation to Tomimatsu-Sato solutions. Tomimatsu Sato themselves presented rotating
vacuum generalization of ZV with integer deformation parameter δ = 1, 2, 3, 4 [39] and Hori
generalized these solutions for arbitrary integer δ ∈ Z+ [47]. From the constraint, it follows
that c2 < 0 for δ > 1, and we can construct the rotating FJNW from the Tomimatsu-Sato
solutions for a phantom scalar field only. We will consider the case δ = 2 with
e2ψ =
A
B
, e2γ
ψ
=
A
p4(x2 − y2)4 , e
2γφ =
(
x2 − y2
x2 − 1
)3
, ω =
2qM(1− y2)C
A
,
(4.8)
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where the constants satisfy the constraint p2 + q2 = 1 and the functions A, B, C are
A =p4(x2 − 1)4 + q4(1− y2)4− (4.9)
− 2p2q2(x2 − 1)(1− y2) [2(x2 − 1)2 + 2(1− y2)2 + 3(x2 − 1)(1− y2)] ,
B =
[
p2(x2 + 1)(x2 − 1)− q2(y2 + 1)(1− y2) + 2px(x2 − 1)]2+ (4.10)
+ 4q2y2
[
px(x2 − 1) + (px+ 1)(1− y2)]2 ,
C =− p3x(x2 − 1) [2(x2 + 1)(x2 − 1) + (x2 + 3)(1− y2)]− (4.11)
− p2(x2 − 1) [4x2(x2 − 1) + (3x2 + 1)(1− y2)]+ q2(px+ 1)(1− y2)3.
The final solution reads:
ds2 = −A
B
(dt− ωdϕ)2 + B
A
k2
(
H(dx2 + h−1dy2) + (x2 − 1)(1− y2)dϕ2) , (4.12)
H =
(
1 +
q2
p2
h2
)2
− 4q
2
p2
h(h+ 1)2,
φ = ± i
2
√
3 ln
x− 1
x+ 1
, h =
1− y2
x2 − 1 , k = Mp/2, q = J/M
2,
where J = Ma is the angular momentum and M is the mass, a is the rotation parameter.
Note that k2H = e2γ(x2 − y2)/(x2 − 1) due to coordinate transformation from ρ, z to x, y.
From the definition of the scalar charge φ ≈ φ∞+Σ/r at infinity, one can find Σ = ∓i
√
3Mp.
The solution (4.12) has a horizon at x = ±1, an ergo-region is defined by the equation
H = 0, which can be resolved as h = h˜(q2/p2), and singularity:
R = 2gxx(∂xφ)
2 =
−6A
BHk2(x2 − 1)2 =
−24p2
M2
(x2 − 1)2
B
. (4.13)
From inspection of the Ricci scalar, the solution has singularities at B = 0, while B is a sum
of two squares. Therefore, both terms should be equal to zero
p2(x2 + 1)(x2 − 1)− q2(y2 + 1)(1− y2) + 2px(x2 − 1) = 0, (4.14a)
y
(
px(x2 − 1) + (px+ 1)(1− y2)) = 0. (4.14b)
The second equation (4.14a) holds if y = 0 or y2 = (1+ px3)/(1+ px). Let us start from the
second solution, substituting y2 into the first equation (4.14a)
p (x2 − 1) (4p2x3 + p (x4 + 6x2 + 1) + 4x)
(px+ 1)2
= 0.
The first root x±1 does not lead to divergence due to presence of (x2−1)2 in the numerator
of Ricci scalar (4.13). The second bracket is positive for p > 0, x > 0. Therefore, this case
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can create a singularity under the horizon x = 1 only. The first solution y = 0 substituted
into the first equation (4.14a) gives a condition
p2x4 + 2px(x2 − 1)− 1 = 0
which has one root in the outer region x > 1. Thus, the solution represents a regular black
hole except for a singular ring on the equator. The scalar field diverges on the horizon, so
the horizon has a scalar charge, which is typical for the static FJNW solution with S > 1.
Moreover, the scalar field is regular in the ring singularity, so the ring does not carry the
scalar charge.
The metric functions depend on p2, q2, x2, y2, px and allow for analytical continuation
x → ix, p → ip, (i.e. a > M), under which the metric remains physical with the same
signature, but the scalar field becomes real φ = ±√3 arctan x (up to the additive constant).
In this case, x ≥ 0 and −1 ≤ y ≤ +1 represent the oblate spheroidal coordinate system, and
the scalar field has a cusp at the disk x = 0. Therefore, this solution cannot be considered
as the rotating Fisher generalization. We can analytically continue the coordinate x for
the whole real numbers x ∈ R to get a wormhole without scalar cusp. Such objects with
wormhole interpretation were described by Gibbons and Volkov in [48].
V. CONCLUSIONS
Let us summarize briefly our results. First, we obtained a new static generalization of
FJNW endowed with the oblateness and NUT parameters using the most transparent sigma-
model formulation of the field equations. Joined ZV-FJNW solution opened a way to apply
Cle´ment’s technique for generating rotation, obtaining non-trivial result without Maxwell
field. In this solution the oblateness parameter can not set to unity, because of the intrinsic
constraint of the CT. However the solution is simple and can be used as the legitimate
solution for studying physics beyond the Kerr paradigm. In the extremal rotation limit our
solution coincides with one of solutions that found recently by Chauvineau.
As an independent approach, we used hidden symmetry of stationary axisymmetric so-
lution rediscovered by Eris and Gurses. Applying the EG duality, we could reproduce the
result obtained via CT. Using EG-transformation, we put forward the argument that the
rotating ZV solutions are dual to rotating FJNW solutions. As an example, we obtained
rotating FJNW solution dual to Tomimatsu-Sato solution with δ = 2. Such solution repre-
sented a regular black hole with a ring singularity around the horizon and phantom scalar
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field. Using the complex transformations, the scalar field can be turned into real field, but
the solution is not a generlization of the FJNW solution anymore and it can be interpreted
as a disk with scalar charge or a wormhole with ring singularity.
Also, we obtained one more solution with generating technique suggested by Chauvineau
for Kerr-like metrics, which can be enlarged for any axisymmetric solution using the EG-
transformation. This technique produces a new solution for the scalar field and allows to
find exact correction to the metric in terms of integrals. We applied this technique to the
solution obtained with Cle´ment’s technique.
All solutions we obtained in this paper can be considered as a correct alternative to those
discussed in Appendicies.
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Appendix A: False rotating FJWN
Consider the metric, obtained in [15] by application of the JN trick to FJNW. In terms
of the sigma-model variables (2.1) it reads
f =
R2
σ2
(
∆− ω˜2 sin2 θ) , ωidxi = −f−1ω˜ sin2 θdϕ, (1.1a)
hijdx
idxj =
fR2
∆
(
dr2 +∆dθ2
)
+∆sin2 θdϕ2, (1.1b)
with the scalar field
φ(r) =
Σ
2
√
η2 − a2 ln
(
1− η +
√
η2 − a2
r
)
, η =
√
M2 + Σ2, (1.2)
where
ω˜ =
a(R2 + a2 sin2 θ −∆)
R2
, R2 = (r2 + a2 cos2 θ)
(
1− 2ηr
r2 + a2 cos2 θ
)1−M/η
,
∆ = r2 − 2ηr + a2, σ2 = (R2 + a2 sin2 θ)2 −∆a2 sin2 θ.
For Σ = 0, η =M , and we recover the Kerr solution. This metric looks simple and it became
a popular model for describing possible deviations from General Relativity in astrophysical
observations [18–21]. Pirogov [22] verified part of the Einstein equations and found that
they are not satisfied. This claim was supported in [23]. Here we check the sigma-model
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equations. Considering the equation φ = 0 for φ depending on r only, taking into account
√−g = R2 sin θ, one can derive the equation
∂r (∆∂rφ) = 0, (1.3)
which can be solved with φ = const ln(r− η+
√
η2 − a2)/(r− η−
√
η2 − a2), but not (1.2).
Still this does not mean that the metric (1.1) is incorrect.
The σ-model (2.4) implies the following equation for ψ
∆ψ +
1
2
e−4ψ(∂χ)2 = 0, (1.4)
where ∆ and the contraction over indices relate to the 3-metric:
(∂χ)2 = e8ψ
(
(∂iωj)(∂
iωj)− (∂iωj)(∂jωi)
)
, (1.5)
for ωidx
i = ω(r, θ)dϕ and diagonal 3-metric the second term (∂iωj)(∂
jωi) is zero. The first
term we will write as (∂ω)2. Then the equation is
∆ψ +
1
2
e4ψ(∂ω)2 = 0. (1.6)
It can be expanded as
∂r (∆∂rψ) +
1
sin θ
∂θ (sin θ∂θψ) +
e4ψ
2 sin2 θ
(
(∂rω)
2 + (∂rω)
2/∆
)
= 0 (1.7)
Substituting the functions f and ω and expanding as r → infty we find the non-zero term
a2M(3 cos(2θ) + 5)(M − η)
r4
+O(r−5) = 0. (1.8)
This can be fulfilled for a = 0 (static FJNW solution) or η = M (Kerr). So we confirm the
results of [22] and [23].
Appendix B: False rotating FJNW in Brans-Dicke
Another rotating solution with the scalar field generated with JN algorithm was derived
within the Brans-Dicke theory [28]. The Brans-Dicke equations of motion read
Φ = 0, (2.1a)
Rµν − 1
2
gµνR =
ω
Φ2
(
Φ;µΦ;ν − 1
2
gµνΦ;λΦ
;λ
)
+
1
Φ
(Φ;µν − gµνΦ) . (2.1b)
Taking into account (2.1a), one can find Ricci tensor
Rµν =
ω
Φ2
∂µΦ∂νΦ+
1
Φ
Φ;µν . (2.2)
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The theory can be formulated in the Jordan and Einstein frames,the Einstein frame corre-
sponding to MES. To change the frame, one has to make the transformations
gEµν = Φg
J
µν , φ =
1
2
√
2ω + 3 lnΦ. (2.3)
The FJNW solution in the Jordan frame reads
ds2 = −F−σ+Sdt2 + F−σ−S (dr2 + r2F (dθ2 + sin2 θdϕ2)) , Φ = Φ0F σ (2.4)
F = 1− 2M
Sr
, S =
M√
M2 + Σ2
, σ = − ΣS
M
√
2ω + 3
. (2.5)
The solution found by Krori and Bhattacharjee in [28] by application of the JN trick is
ds2 = f ηK(dt− ωKdϕ)2 − f ξKρ(dr2/∆+ dθ2 + sin2 θdϕ2) + 2fσKωK(dt− ωKdϕ)dϕ, (2.6a)
Φ = Φ0f
σ
K , (2.6b)
where
fK = 1− 2r0r/ρ, ρ = r2 + a2 cos2 θ, ωK = a sin2 θ, ∆ = r(r − 2r0) + a2 (2.7)
and
σ = (η + ξ − 1)/2 = −c/2λ, η = 1/λ, ξ = (λ− c− 1)/λ (2.8)
with free parameters λ and c. The static limit of the solution (2.6b) should coincide with (2.4)
up to the definition of constants. The solution (2.4) possesses a property that ln |gttgrr| =
−2 lnΦ + const. For the solution (2.6) we find
ln |gttgrr| = (η + ξ − 1) ln fK = 2 lnΦ + const,
thus the scalar field is incorrect and the correct one is Φ = Φ0f
−σ
K .
For tt-component, the Einstein equation is
Rtt =
1
Φ
Φ;tt = −Γrtt∂r ln Φ. (2.9)
Let us calculate an asymptotic behavior of the quantity X = Rtt − Φ;tt/Φ up to the 7th
order for the solution (2.6). The first non-zero term of the Taylor series starts from the 4th
order. The 4th and the 5th terms are zero if we use a corrected definition of the scalar field.
Then the term of the 6th order reads
X ≈ a
2r20 ((c+ 2)
2 − 4λ) (5 + 3 cos 2θ)
4λ2r6
+O(r−7), (2.10)
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which is zero for a = 0 or λ = (c+2)2/4. The first case brings us back to the static solution
and satisfies the equation (2.9) exactly. Substituting the second case into the 7th order gives
X ≈ 64a
2cr30 cos
2 θ
(c+ 2)3r7
+O(r−8) (2.11)
and requires either c or r0 to be zero, which guarantees the trivial form of the scalar field.
Therefore, the solution found with JN algorithm in [28] is incorrect as well.
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